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Abstrat
We propose some modiation of Maxwell's equations desribing mediums
whih eletri and magneti properties are hanged essentially after intera-
tion with outer eletromagneti eld. We show for suh mediums that ele-
tromagneti waves have nite speed of propagations property for some time
depending on initial energy of eletromagneti eld and nonlinear parameters
of the problem whih are responsible for properties of medium.
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1 Introdution
We onsider lassial Maxwell system (see [11℄):
1
c
Dt +
4pi
c
J = urlH, (1.1)
1
c
Bt + urlE = 0, (1.2)
divD = 4piρ, divB = 0, (1.3)
(M0)


where E and H are eletri and magneti elds; D and B are eletri and magneti
indutions; ρ is harge density and c is veloity of light. The urrent density J
satises by Ohm's law:
J = σE, (1.4)
where σ is eletri ondutivity.
∗
Researh is partially supported by the INTAS projet Ref. No: 05-1000008-7921
1
We onsider isotropi mediums in whih permittivity ε = ε(x, t) and magneti
µ = µ(x, t) ondutivity are funtions of spae and time. In this situation, state
equations have the following simple form (see [11℄):
D = εE, B = µH. (1.5)
Substituting (1.5) into equations (1.1) and (1.2), we obtain equations for E and H
for an isotropi medium in the following dimensionless form:
Et + a1E− b1urlH = 0, (1.6)
Ht + a2H+ b2urlE = 0, (1.7)
(M1)
{
where ai = ai(x, t), bi = bi(x, t), and
a1 = ε
−1(εt + σ), a2 = µ
−1µt, b1 = ε
−1, b2 = µ
−1. (1.8)
Hyperboli systems as (M1) are well investigated (see, e. g., [20℄).
In more general situation, eletri and magneti indutions depend on eletri
and magneti elds (see [11℄), i. e.
D = D(E,H), B = B(E,H). (1.9)
Below, we onsider the simplest ase of state equations (1.9) when permittivity
and magneti ondutivity are some funtions of spae and time depending on
eletri E and magneti H elds and its gradients, i. e. the relations (1.5) with
ε = ε(x, t, E,H,∇E,∇H) and µ = µ(x, t, E,H,∇E,∇H). In the ase, we arrive
at the system (M1), i. e. equations for E and H in an isotropi nonlinear medium,
where ai = ai(x, t, E,H,∇E,∇H) and bi = bi(x, t, E,H,∇E,∇H) (i = 1, 2)
satisfy relations (1.8). We will study mediums in whih nonlinear funtions ai and
bi satisfy the following onditions:
ai(x, t, E,H,∇E,∇H) > d1w
m−1|∇w|p, 0 < d1 <∞, i = 1, 2, (1.10)
b1(x, t, E,H,∇E,∇H) = b2(x, t, E,H,∇E,∇H), (1.11)
|bi(x, t, E,H,∇E,∇H)| 6 d2w
n−1, 0 < d2 <∞, i = 1, 2, (1.12)
|∇ bi(x, t, E,H,∇E,∇H)| 6 d3w
n−2|∇w|, 0 < d3 <∞, i = 1, 2, (1.13)
where w = w(x, t) = E2 + H2 is dimensionless energy density orresponding to
isotropi mediums with onstant permittivity and magneti ondutivity;
m ∈ R1, p > 0 and n > 0 (1.14)
are parameters of medium. Conditions (1.10)(1.13) results in the following re-
stritions on ε and µ:
ε = µ > d−12 w
1−n, ε−1(εt + σ) > d1w
m−1|∇w|p, µ−1µt > d1w
m−1|∇w|p,
2
whene we dedue that
ε = µ > max{d−12 w
1−n, ε|t=0e
d1
tR
0
wm−1|∇w|p dτ
}.
The equations like as (M1) desribe mediums in whih permittivity and magneti
ondutivity are some nonlinear funtions. The mediums have same struture to
have to appear in the simulation of various proesses in laser optis and weakly
ionized plasma theory, where properties of medium are strongly depend on energy
density of eletromagneti eld, for example, ferroeletri, piezoeletri, multifer-
roi and et.
In this paper, we study the propagation properties of solutions to Cauhy prob-
lem for Maxwell's equations in the following dimensionless form
Et + a1E− b1 urlH = 0 in QT , (1.15)
Ht + a2H+ b2 urlE = 0 in QT , (1.16)
E(0, x) = E0(x), H(0, x) = H0(x), (1.17)
(M)


where QT = (0, T ) × R
N
, N = 2, 3, 0 < T < ∞, and the funtions ai =
ai(x, t, E,H,∇E,∇H), bi = bi(x, t, E,H,∇E,∇H) (i = 1, 2) satisfy onditions
(1.10)(1.13). The unknown funtions are eletri E and H magneti elds, whih
depend on the time t and the spae-variable x. Moreover, we suppose that the
initial eletromagneti eld is loated into half-spae R
N
− := {x = (x
′, xN ) ∈ R
N :
xN < 0}, i. e.
suppw(0, .) ⊂ RN− , (1.18)
where w(x, t) = E2 +H2.
Thus, the presented system (M) is obtained from the lassial Maxwell's system
(M0) taking into aount the state equations (1.9) for isotropi nonlinear medium
and Ohm's law for urrent density (1.4). Mediums are desribe to possess the nite
speed propagations property. There are many papers in whih energy deay was
obtained for dierent problems onerning Maxwell's equations. Well-posedness
and asymptoti stability results and deay of solutions are proved making use of
dierent tehniques. Below, we mention some results onerning energy deay and
asymptoti of solutions.
Some linear evolution problems arise in the theory of hereditary eletromag-
netism. Many authors studied the inuene of dissipation due to the memory on
the asymptoti behavior of the solutions (see [2, 4, 5, 6, 12, 13, 19℄). The poly-
nomially deay of the solutions when the memory kernel deays exponentially or
polynomially was shown in [14℄. It is studied the asymptoti behavior of the so-
lution of the linear problem desribing the evolution of the eletromagneti eld
inside a rigid onduting material, whose onstitutive equations ontain memory
terms expressed by onvolution integrals. These models were proposed in [18℄ where
it was shown that the exponential deay of the memory kernel is able to produe
a uniform rate deay of energy in rigid ondutors with eletri memory.
3
The exat boundary ontrollability and stabilization of Maxwell's equations
have been studied by many authors (see [16℄ and referenes therein). In [16℄ the
internal stabilization of Maxwell's equations with Ohm's law for spae variable
oeients is studied. Authors give suient onditions on parameters of medium
whih guarantee the exponential deay of the energy of the system. The result is
based on observability estimate, obtained in some partiular ases by the multiplier
method, a duality argument and a weakening of norm argument, and argument used
in internal stabilization of salar wave equations.
The energy deay of solutions of the salar wave equation with nonlinear damp-
ing in bounded domains has been shown in [3, 10, 15, 22, 23, 24, 25℄. In the
ase when there is no damping term in the equation for the dieletri polarization,
the long-time asymptoti behavior of the solution of Maxwell's equations involving
generally nonlinear polarization and ondutivity is studied in [7℄.
The propagation of eletromagneti waves in gas of quantum mehanial system
with two energy levels is onsidered in [9℄. The deay of the polarization eld in a
MaxwellBloh system for t→∞ was shown.
The transient Landau-Lifshitz equations desribing ferromagneti media with-
out exhange interation oupled with Maxwell's equations is onsidered in [8℄.
The asymptoti behavior of the solution of this mathematial model for miro-
magnetism is studied. It is shown the strong onvergene of the eletromagneti
eld with respet to the energy norm for t → ∞ on bounded sets of nonvanishing
eletrial ondutivity.
Following the dominant trend in the literature, we an onlude that study of the
system (M) is not only of theoretial interest but it is useful for applied researhes.
Sine these authors are not speialists in eletromagnetism, we apologize in advane
for the omissions and inauraies. We hope that there is an interdisiplinary
audiene whih may nd this useful, whether we do not know any onrete mediums
with proposed properties.
The present paper is organized as follows. In Setion 2 we formulate our main
result. In Setions 3 we prove the nite speed propagations property to some time,
whih depends on the parameters of the problem and the initial eletromagneti
eld. The method of proof is onneted with nonhomogeneous variants of Stam-
pahia lemma, in fat, it is an adaptation of loal energy or SaintVenant priniple
like estimates method. Appendix A ontains neessary interpolation inequalities
and important properties of nonhomogeneous funtional inequalities.
2 Main result
We introdue the following onept of generalized solution of the system (M):
Denition 2.1. Let n > 1, p > 1, −p < m < p(n− 1) and w = E2 +H2. A pair
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(E(x, t),H(x, t)) suh that
w ∈ C(0, T ;L1(RN )), w
m+p
p ∈ Lp(0, T ;W 1,p(RN )), wt ∈ L
1(QT )
is alled a solution to problem (M) if for a.e. t > 0 the integral identities
1
2
∫
RN
E2(t, x)η(t, x) dx −
1
2
∫∫
QT
E2(t, x)ηt(t, x) dx dt +
∫∫
QT
a1E
2(t, x)η(t, x) dx dt
−
∫∫
QT
b1E urlH dx dt =
1
2
∫
RN
E2(0, x)η(0, x) dx, (2.1)
1
2
∫
RN
H2(t, x)η(t, x) dx −
1
2
∫∫
QT
H2(t, x)ηt(t, x) dx dt +
∫∫
QT
a2H
2(t, x)η(t, x) dx dt
+
∫∫
QT
b2H urlE dx dt =
1
2
∫
RN
H2(0, x)η(0, x) dx, (2.2)
are satised for every η ∈ C1(QT ).
The main result is the following.
Theorem 1. Let the pair (E(x, t),H(x, t)) be a solution of the problem (M), in
the sense of Denition 2.1. Let p > 1, n > 1
(
and n < 1 + (p−1)(p+N)
pN(2−p) if p < 2
)
,
and
max
{
−p, −p
(
1 + 1
N
− n
p
)
, −p
(
1 + 1
N
− n−1
p−1
)}
< m < p(n− 2) + 1.
Then there exists a time T ∗ > 0, depending on known parameters only (in parti-
ular, ‖w(x, 0)‖L1(RN )), and a funtion Γ(t) ∈ C[0, T ], Γ(0) = 0 suh that
Γ(t) = K max{t
p+N(m+p−n)
p+N(m+p−1) , tκ} = K
{
tκ for t < 1,
t
p+N(m+p−n)
p+N(m+p−1)
for t > 1,
(2.3)
where
κ =
p(p− 1 +N(m+ p− n))[np+N(m+ p− 1)]
(p+N(m+ p− 1))[p(p(n− 1)−m) +N(p− 1)(m+ p− 1)]
,
and
supp w(t, .) ⊂ {x = (x′, xN ) ∈ R
N : xN < Γ(t)} ∀ 0 < t < T
∗, (2.4)
i. e. E(x, t) = H(x, t) = 0 for all x ∈ {x = (x′, xN ) ∈ R
N : xN > Γ(t)}. Here
K = K(n,m, p,N, ‖w(0, x)‖L1(RN )) is some positive onstant.
Remark 2.1. The statement of Theorem 1 stays true if we onsider the problem
for system (M) in some bounded domain. Then, instead of (1.18), we suppose that
a support of initial energy of eletromagneti eld is ontained in some ball into
the domain.
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3 Proof of nite speed of propagations
Summing (2.1) and (2.2), in view of onditions (1.10) and (1.11), we nd that
1
2
∫
RN
w(t, x)η(t, x) dx−
1
2
∫∫
QT
w(t, x)ηt(t, x) dx dt+d1
∫∫
QT
wm|∇w|pη(t, x) dx dt+
∫∫
QT
b1 div (E×H) η(x, t) dx dt 6
1
2
∫
RN
w(0, x)η(0, x) dx. (3.1)
Above we used the following relation:
div (E×H) =H urlE−E urlH. (3.2)
From (3.1), (1.12) and (1.13) we get
∫
RN
w(x, T ) η(x, T ) dx−
∫∫
QT
w(x, t)ηt(x, t) dx dt+ c
∫∫
QT
|∇w
m+p
p |pη(x, t) dx dt 6
∫
RN
w(x, 0) η(x, 0) dx + 2d2
∫∫
QT
wn−1 |E×H| |∇ η(x, t)| dx dt+
2d3
∫∫
QT
wn−2 |∇w| |E×H|η(x, t) dx dt 6
∫
RN
w(x, 0) η(x, 0) dx+
ε
∫∫
QT
|∇w
m+p
p |pη(x, t) dx dt + c(ε)
∫∫
QT
w
p(n−1)−m
p−1 η(x, t) dx dt+
c
∫∫
QT
wn |∇ η(x, t)| dx dt (3.3)
for every nonnegative funtion η(x, t) ∈ C1(QT ), where ε > 0, p > 1, n > 1, −p <
m < p(n− 2) + 1 (i. e. p(n−1)−m
p−1 > 1).
For an arbitrary s ∈ R1 and δ > 0 we onsider the families of sets
Ω(s) = {x = (x′, xN ) ∈ R
N : xN > s}, QT (s) = (0, T )× Ω(s),
K(s, δ) = Ω(s)\Ω(s+ δ), KT (s, δ) = (0, T )×K(s, δ).
Next we introdue our main ut-o funtions ηs,δ(x) ∈ C
1(RN ) suh that 0 6
ηs,δ(x) 6 1 ∀x ∈ R
N
and possess the following properties:
ηs,δ(x) =
{
0 , x ∈ RN \ Ω(s),
1 , x ∈ Ω(s+ δ),
|∇ ηs,δ| 6
c
δ
∀x ∈ K(s, δ).
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Choosing ε > 0 suiently small and
η(x, t) = ηs,δ(x) exp
(
−t · T−1
)
∀T > 0 (3.4)
in integral inequality (3.3), we nd
sup
t∈(0,T )
∫
Ω(s+δ)
w(x, t) dx +
1
T
∫∫
QT (s+δ)
w(x, t) dx dt + c
∫∫
QT (s+δ)
|∇w
m+p
p |p dx dt 6
∫
Ω(s)
w(x, 0) dx +
c
δ
∫∫
KT (s,δ)
wn dx dt+ c
∫∫
QT (s)
w
p(n−1)−m
p−1 dx dt =: RT (s, δ), (3.5)
where s ∈ R1, δ > 0, T > 0. Owing to (1.18), we have∫
Ω(s)
w(x, 0) dx ≡ 0 ∀ s > 0. (3.6)
We introdue the funtions related to w(x, t):
AT (s) :=
∫∫
QT (s)
wn dx dt, BT (s) :=
∫∫
QT (s)
w
p(n−1)−m
p−1 dx dt.
Applying the interpolation inequality of Lemma A.2 in the domain Ω(s+ δ) to the
funtion v = w
m+p
p
for a = np
m+p , d = p, b =
p
m+p , i = 0, j = 1, and integrating
the result with respet to time from 0 to T , we obtain
AT (s+ δ) 6 c T
1−k1R
1+β1
T (s, δ), (3.7)
where k1 =
N(n−1)
p+N(m+p−1) < 1, β1 =
p(n−1)
p+N(m+p−1) , m > n − p(1 +
1
N
). Similarly,
applying the interpolation inequality of Lemma A.2 in the domain Ω(s+ δ) to the
funtion v = w
m+p
p
for a = p(p(n−1)−m)(p−1)(m+p) , d = p, b =
p
m+p , i = 0, j = 1, and
integrating the result with respet to time, we nd that
BT (s+ δ) 6 c T
1−k2R
1+β2
T (s, δ), (3.8)
where k2 =
N(p(n−2)−m+1)
(p−1)(p+N(m+p−1)) < 1, β2 =
p(p(n−2)−m+1)
(p−1)(p+N(m+p−1)) , m >
p(n−1)
p−1 − p(1 +
1
N
). Next we dene the funtion
CT (s) := (AT (s))
1+β2 + (BT (s))
1+β1 .
Then
CT (s+ δ) 6 c F (T )
[
δ−βC
1+β1
T (s) + C
1+β2
T (s)
]
, (3.9)
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where
β = (1 + β1)(1 + β2), F (T ) = max{T
(1−k1)(1+β2), T (1−k2)(1+β1)}.
Below, we nd some estimate L1norm of w(x, t) by L1norm of w(x, 0), whih we
will be used in the next onsideration.
Lemma 3.1. There exists some onstant c > 0, depending on known parameters
of the problem, suh that the following estimate∫
RN
w(x, t) dx 6 c
∫
RN
w(x, 0) dx ∀ t 6 T1, (3.10)
is valid. Here T1 depends on m, p, n, N and ‖w(x, 0)‖L1(RN ).
Proof. We set s = −2δ, δ = s′ > 0 in (3.5) and pass to the limit as s′ →∞
sup
t∈(0,T )
∫
RN
w(x, t) dx +
1
T
∫∫
QT
w(x, t) dx dt + c
∫∫
QT
|∇w
m+p
p |p dx dt 6
∫
RN
w(x, 0) dx +
∫∫
QT
w
p(n−1)−m
p−1 dx dt. (3.11)
Applying the interpolation inequality of Lemma A.2 in R
N
to the funtion v =
w
m+p
p
for a = p(p(n−1)−m)(m+p)(p−1) , d = p, b =
p
m+p , i = 0, j = 1, and Young's inequality,
we nd that
∫
RN
w
p(n−1)−m
p−1 dx 6 c

∫
RN
|∇w
m+p
p |p dx


aθ
p

∫
RN
w dx


a(1−θ)
b
6
ε
∫
RN
|∇w
m+p
p |p dx+ c(ε)

∫
RN
w dx


ap(1−θ)
b(p−aθ)
∀ ε > 0,
where θ = N(m+n)(p(n−2)−m+1)(N(m+p−1)+p)(p(n−1)−m) . Integrating this inequality with respet to
time from 0 to T , we obtain
∫∫
QT
w
p(n−1)−m
p−1 dx dt 6 ε
∫∫
QT
|∇w
m+p
p |p dx + c(ε)
T∫
0

∫
RN
w dx


ap(1−θ)
b(p−aθ)
dt.
(3.12)
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Choosing ε > 0 suiently small, from (3.11),(3.12) we have
sup
t∈(0,T )
∫
RN
w(x, t) dx +
1
T
∫∫
QT
w(x, t) dx dt + c
∫∫
QT
|∇w
m+p
p |p dx dt 6
∫
RN
w(x, 0) dx + c
T∫
0

∫
RN
w dx


ap(1−θ)
b(p−aθ)
dt. (3.13)
From the last inequality we dedue that for every t : 0 < t < T the following
inequality is valid
∫
RN
w(x, t) dx 6
∫
RN
w(x, 0) dx + c
t∫
0

∫
RN
w(x, τ) dx


γ
dτ ,
where γ = (N−1)(p(n−1)−m)+N(p−1)(m+p)
p(p−1+N(m+p−n)) . Applying Lemma A.3 from Appendix A
we obtain (3.10) with
T1 :=


2
1−γ
(∫
RN
w(x, 0) dx
)1−γ
if γ < 1,
1
2(γ−1)
(∫
RN
w(x, 0) dx
)γ−1
if γ > 1,
(3.14)
and T1 → 0 as ‖w(x, 0)‖L1(RN ) → 0.
Further, using the denition of the funtions CT (s) and (3.10), we get
CT (s0) 6 K0 F (T ) ∀T 6 T1. (3.15)
where the positive onstant K0 depends on n, m, p, N and ‖w(x, 0)‖L1(RN ).
Now we hoose the parameter δ > 0 whih was arbitrary up to now:
δT (s) :=
[
2c
1−HT (s0)
F (T )Cβ1T (s)
] 1
β
,
where the funtion HT (s) = c F (T )C
β2
T (s) is suh that HT (s0) < 1 at some point
s0 > 0, whene we get that
T 6 T2 = cmin{K
−
β2
(1−k1)(1+β2)
2
0 ,K
−
β2
(1−k2)(1+β1)(1+β2)
0 }, (3.16)
and T2 →∞ as ‖w(x, 0)‖L1(RN ) → 0.
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We obtain the following main funtional relation for the funtion δT (s):
δT (s+ δT (s)) 6 ε δT (s) ∀ s > s0 > 0, 0 < ε =
( 1+HT (s0)
2
) β1
β < 1 (3.17)
∀ 0 < T < T ∗ := min{T1, T2}, where T1 of (3.14) and T2 of (3.16). Now we apply
Lemma A.1 to the funtion δT (s) of (3.17). As a result, we obtain
δT (s) ≡ 0 ∀ s > s0 +
1
1−εδT (s0). (3.18)
Then, in view of (3.15), we nd
δT (s0) 6 c [C
β1
T (s0)F (T )]
1
β 6 c [F 1+β1(T )]
1
β 6 c (F (T ))
1
1+β2 =
c max{T 1−k1 , T
(1−k2)(1+β1)
1+β2 }
∀ 0 < T < T ∗. Choosing in (3.18) s0 = 0 and
s = Γ(T ) = c max{T
p+N(m+p−n)
p+N(m+p−1) , T κ} = c
{
T κ for T < 1,
T
p+N(m+p−n)
p+N(m+p−1)
for T > 1
∀ 0 < T < T ∗, κ = p(p−1+N(m+p−n))[np+N(m+p−1)](p+N(m+p−1))[p(p(n−1)−m)+N(p−1)(m+p−1)] . Thus w(T, x) ≡ 0
for all x ∈ {x = (x′, xN ) ∈ R
N : xN > Γ(t)}. And Theorem 1 is proved ompletely.

Appendix A
Lemma A.1. [21] Let the nonnegative ontinuous noninreasing funtion f(s) :
[s0,∞)→ R
1
satises the following funtional relation:
f(s+ f(s)) 6 ε f(s) ∀ s > s0, 0 < ε < 1.
Then f(s) ≡ 0 ∀ s > s0 + (1 − ε)
−1f(s0).
LemmaA.2. [17] If Ω ⊂ RN is a bounded domain with pieewise-smooth boundary,
a > 1, b ∈ (0, a), d > 1, and 0 6 i < j, i, j ∈ N, then there exist positive onstants
d1 and d2 (d2 = 0 if the domain Ω is unbounded) that depend only on Ω, d, j, b,
and N and are suh that, for any funtion v(x) ∈ W jd (Ω) ∩ L
b(Ω), the following
inequality is true:∥∥Div∥∥
La(Ω)
6 d1
∥∥Djv∥∥θ
Ld(Ω)
‖v‖
1−θ
Lb(Ω) + d2 ‖v‖Lb(Ω)
where θ =
1
b
+
i
N
−
1
a
1
b
+
j
N
−
1
d
∈
[
i
j
, 1
)
.
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Lemma A.3. [1] Suppose that v(t) is a nonnegative summable funtion on [0, T ]
that, for almost all t ∈ [0, T ], satises the integral inequality
v(t) 6 k +m
t∫
0
h(τ)g(v(τ)) dτ
where k > 0,m > 0, h(τ) is summable on [0, T ], and g(τ) is a positive funtion for
τ > 0. Then
v(t) 6 G−1
(
G(k) +m
t∫
0
h(τ) dτ
)
for almost all t ∈ [0, T ]. Here G(v) =
v∫
v0
dτ
g(τ) , v > v0 > 0.
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